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Example 3.1.9. For what value of A such that the following function is continuous at all z?

2?4+x—-1 ifz <0,
f(z) = .
z+ A if x > 0.

Solution. Because x> + x — 1 and x + A are polynomials, they are continuous everywhere
except possibly at z = 0. Also f(0) =02 4+0—1 = —1.
lim f(z) = lim (z*4+2—1)=—1

z—0~ z—0~

and
lim f(z)= lim (z+ A) = A.

z—0t z—0t
For lir% f(z) to exist, the left hand limit and the right hand limit must be equal. So we must
r—r

have A = —1. In which case

lim f(z) = —1 = f(0).

z—0

This means that f(z) is continuous for all « only when A = —1. |
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Proposition 3.1.2. f(z) is continuous at « = c if and only if

lim f(c+h) = f(c)

Proof. Leth =2 —c. Thenh —0asz — c.

lim f(x) = lim f(c+ h).

Tr—cC

Exercise 3.1.1.

1. Show that /23 + 1 is a continuous function.

1
2. Show that Tt

is a continuous function on R\{1}.
Tz —

3. Let
22 -1, <0,
-

r+a, x>0

Find a such that f(z) is continuous at 0. (Ans: a = —1)

. .. .. 1
Example 3.1.10 (Using continuity to compute limits). lim sin (=) =?
T—00 T

3.2 Continuity on [a, b

Definition 3.2.1. Let f : (a,b) — R be a function. Then f is said to be continuous on (a, b)
if it is continuous at every point on (a, b).

Next, let’s assume f : [a,b] — R be a function. What’s the meaning of f being con-
tinuous at one of the end point a? lim f(z) does not make sense because f is not defined
T—a

on x < a. So to define the continuity at  =/a, we only concern about the value = > a.
Similarly, to discuss about the continuity at = =6, we only concern about the value = < b.

<« -
Definition 3.2.2. Let f : [a,b] — R be a function.
Then f is said to be continuous at a if $ iz de,xal.
lim+ f(z) = f(a).
r—a

\/“4(\'\,
lim f(z) = f(b).

r—b—

f is said to be continuous at b if

Then f is said to be a continuous function on [a, b] if f is continuous on a < z < b.
e~ T
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Example 3.2.1. Discuss the continuity of the function f : [0, 1] — R defined by

r—1
ifx € (0,1],
fa) =4 (0.1]
0 ifz =0.

Solution. f(x) is continuous on (0,1). f(z) is also continuous at x = 1, but hm+ f(x) does
z—0

not exists. So f is not continuous at z = 0. |

Theorem 3.2.1 (Intermediate/Value Theorem or Intermediate Value Property). Suppose f
is a continuous function on [a,b] and K is a number between f(a) and f(b). Then there/exist
a number ¢, between a and b, such that f(c) = K.

Geometrically, the Intermediate Value Theorem says that any horizontal line y = yo
crossing the y-axis between the numbers f(a) and f(b) will cross the curve y = f(z) at least
once over the interval [a, b].

VA

Application: Root Finding

If f(x) is continuous on [a, b], f(a) and f(b) change sign, then, there exists at least one
root of the function, that is, exists at least one ¢ € (a,b), such that f(c) = 0.

Example 3.2.2. Show that f(z) = 2° — x + 1 has a root.
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Solution. Aim: find a, b, such that f(a), f(b) change sign. Since

and f is continuous on [—2,0]. By Intermediate value theorem, there exists ¢ € (—2,0),
such that f(c) = 0.

Remark. Although we don’t know how to find the root, we know a root exists.

Example 3.2.3. 1. All odd functions have a root.

2. All polynomials of odd degrees have a root.
. 1 .
Exercise 3.2.1. Show 2% = - has a solution.
T

Theorem 3.2.2 (Extreme Value Theorem). If f(x) is continuous on |a, b], then f must attain
an absolute maximum and absolute minimum, that is, there exist ¢, d iff [a, b] such that

fe) < f(x) < f(d),

forall z € [a,b].

Example 3.2.4. Absolute extreme for f(z) = 23 — 2122 + 135z — 170 for various closed
intervals.

L) L)
A A
£ Absolute 4 Absolute
150 maximum — 150+ maximum I’
T f12)=154 T fH=105
1 + / ‘
1 1 / / 4 hos 92
1o 1oy "\/ [ aksoluke
1 1 / ;
1 1 / > ns n
T T / pimaA
50+ Absolute 50t | f9=173 "
T m;m?uzni T | Absolute
T f2)= 1 minimum
T 5 10 T 5 10
— X — A x
=2 b=12 a= 4 b=10

A) [a, b] = [2,12] (B) [a, b] = [4,10]

R A
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Exercise 3.2.2 (Hard!). Derive the extreme value theorem from the intermediate value the-
orem.

Remark. Caveat: The extreme value theoreni only works on finite intervals! E.g. Consider

. 1
the previous example on R or — on R™.
x
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Question: How to find the absolute maximum and minimum?

Ans: (for “good” functions) Differentiation!
AN~
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Chapter 4: Differentiation I

Learning Objectives:

(1) Define the derivatives, and study its basic properties.

(2) Study the relationship between differentiability and continuity.

(3) Use the constant multiple rule, sum rule, power rule, product rule, quotient rule and
chain rule to find derivatives.

(4) Explore logarithmic differentiation.

4.1 Motivation & Definition

Motivation from physics: velocity Suppose an object is moving along z-axis from the
origin to right. Let S = S(t) be the position of the object at time't. What is the average

velocity of this object from ¢ = 1 to ¢t = 2? -
<N

Y




Chapter 4: Differentiation I 4-2

l;h s \mku\{ ‘4 Pﬁ;ﬁhd?‘ '&,{uobd’\/\

Change of distanee

Change of time

AS
A
_5(2)-501)
2-1
= slope of secant line passing through (1,5(1)) and (2, .5(2))

Average velocity from¢t=1tot =2 =

Question: What is the instantaneous velocity at ¢t = 1?

S(1+ At) — S(1)
At

Let At — 0, the instantaneous velocity at ¢t = 1 is defined to be

Idea: Average velocity from¢t =1tot =1+ At is , where At is small.

At—0 At Line throngh
<=|
which is called the derivative of S at ¢t = 1. S’(1) describes the rate of change of S(t)
att = 1.

£ aroph o} S€)

s & Tanet line of e
///? 7 ﬁ,ﬁ?;é‘%s

Remark. Terminology: The term “velocity” takes the direction of motion into account; it
can be positive or negative. The term “speed” only takes into account the rate of change,
disregarding the direction. It is the absolute value of the velocity.

Definition 4.1.1. The derivative of f(z) is the function

Do)\ g Lo A0) = (@)

Axz—0 Ax

“4.1)
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The process of computing the derivative is called differentiation, agd’v;)e say that f(x) is
(zo

Az) —
differentiable at = = x if f'(x() exists; that is, hm f(wo + Az)
- — z—0 Az

x .
—/ exists.

Remark. 1. By definition, if f(xz¢) is not well-defined, we cannot define f’(x¢). So f(x)
must not be differentiable at z = x.

2. Another equivalent formula:

) — xﬁ@*fxo S (GBS (O}
o o
Af _ (@)= flxo)

Az T — xg
is called difference quotient.

4. f'(xzo) describes the rate of change of f(z) at z = x.

5. When we say that we use the first principle to find derivatives, we mean that we
use the definition (4.1) to find the derivative. However, later we will learn faster
techniques to find derivatives.

_ >, Geometrical interpretation of differentiation: f’(z() is the slope of tangent line to the

curve of f(x) at z = x.
Example 4.1.1. Let f(z) = 2. Then (i) prove that f(z) is differentiable at = 1; (ii) find
f'(1) and the equation of the tangent line to th(—keuyva at iﬁ“)

Solution. (i) By the definition, at x = 1
_ 2 _ 12
f(l+Az) — f(1) lim (1+ Ax)*—1

lim == = — L
Az50 Ax Az—0 Ax
= lim (24 Ax)
Axz—0
=2,

So, f is differentiable at 1, and f/(1) = 2

(ii) The tangent line passes through (1, f(1)) = (1, 1) with slope f’(1) = 2. So, the equation
of the tangent line is ( 37,904)

lopl y&, = y_f(l)//IQ- /
ool = o2

Thus ot
—
g1 = 269 &, %)
y=2x—1.
o~
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Definition 4.1.2. If f(z) : A — R is differentiable at every point « € A, then f(z) is said to
be a differentiable function in A, and the derivative function f’(z) : A — R is well-defined.

Example 4.1.2. Let f(z) = 2. Prove that f(x) is differentiable on R, and find f/(x).
Solution. For any = € R,

fla+Ax) - f(@) (ot D) — a2

AT Ay Ay Ay A tan =2
So, f is differentiable at x, and f'(z) = 2. |
Notation: For y = f(z) = 22,
dy df dy df
)= =" —o9p. pay="" \=L| =2.4=38
fz) de _dz D F @ da|,_, dz|,_,

Question Where does the minimum of 22 occur? (Hint: what is the slope of the tangent
line at the minimum?)

Example 4.1.3. Let f(x) = o
x # 1.

1
= Using the definition of derivatives, compute f’(z) for

Solution.
x4+ Az +1 x—i—l‘[**b,,)f"

f(x+A$)_f(x)_g;+Am—1_x—1 st

(r—1)(z+Az+1) —(FF D@ FAT=1
(z=1)(z+ Az — 1)
T @-D@+Az—1)
Therefore (\
= lim

oy e @+ Az) — f(2) —2 x|
fla) = Jim, AP aeole—1)(@+ Ag —1) Yo f
— AliIEO(_Q) — —2 \l;_/—
Jm DA T G ()
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Example 4.1.4. Find the derivative of f(x) = /x for z > 0.

Solution.

fo+An)—f@) | VErBAi- Vi

o Axz—0 _AéU — >
(Vo + Az — Vo) (Vo + Av+ Vo) & (x+b)<)’)<

I
Azo0 Az _ Aeo0
= lim
Az(vVx 4+ Ax + /x)

N—
© Az0
. 1
= lim
Az—0 \x + Az + /T
1
_ﬁ-
1\ 1 1
So, (332> :§x_27x>0 |

Example 4.1.5. Find the derivative of f(z) = /z.
Hint: o — % = (a — b)(a® + ab + b?).

Solution. For any x # 0,
J— 3 — 3
lim flz+ Azx) — f(x) — lim Va+ Ax — Jx
Az—0 Ax Az—0 Az
_ oy VEtAr— Ya)(Ve+ Ax)® + Vot Ax - Yo+ (2)?)
Tai An(Vat AP+ Vi BAe et (Vo))
~ lim r+ Az —z
=0 Ax((Vo + Ax)2 + Vo + Az - Yz + (Y7)?)
. 1
" a0 (Vz + An)2 + V7 + Az - Yz + (V3)?

1 1 =2
= — 3.

does not exist.

JAx — 0 . 1
—— = lim 3
Az=0 (Ag)3
—_—

For x =0,
. f(0+Az)—f(0)
AT A AT A
So,
_2
(:L,I/S)l _ %IB 3, z#0 )
Not exist at x = 0, i.e. 3 not differentiable at 0
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Example 4.1.6. Discuss the differentiability of f(z) = |z|.
U . Hiis S Comhguans fon cpyrem
>
X

Solution. For xy > 0, %jx WL\VI,’V‘MK <o (_ VZWHA = A dﬂ'@&w‘im

A_ﬁ_ = Aaixgo Az - Alaicgo Ax ,:_}— ‘@GV\ b & MHW‘ >4
Af ANt N )
For ¢ < O, N NL ¢, >
_ iy fotAz) — fzo) . (ot Az)—(~x0) _
d (‘r)(\ T Az—0 Az Az—0 Az .._/—\.
—
N
For zy = 0. g:)xl
- lm LOFAD=SO) ATy
A0+ Dz CArsot Az
i JOFAD=FO) o ZA
Az—0- A~ A~ Ax A%
1 # —1, so f is not differentiable at x = 0. So, .-
M 7
( .
yrag 000{‘”\\ 1 \_1_f/x\>/\0, & fhd /2775‘4‘ lica
ﬂ/(WY\ —54\ o ¢ (Jz])) = < undefined if x = 0. ¢ .
50 _ . . .
2 =9 -1 1‘f_$\_<~0, %o,q dloes

- m ol exsh
4.2 Properties of derivatives

4.2.1 Differentiation and Continuity

Proposition 1. f(x) is differentiable at xt =y = f(x) is continuous at = = xy.

Proof. Suppose f'(zg) = lim 2 = /(20)

T—TQ T — X

exists, then

i (/) ~ foo) = tim (HEZTE0) oy )

T—T0 r—T0 r — o
= lim f@) = f(zo) lim (x — x0)
T—x0 T — X T—x0
= f/(xo) -0=0.
So, lim f(z) = lim (f(z) = f(a0)) + lim f(x0) = 0+ f(z0) = f(xo), that s, f(z) is

continuous at z. ]





